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Abstract

The transverse Vortex-Induced Vibrations of a long (length to diameter ratio,L/D = 1544), flexible pipe, that was subjecte
to a uniform current profile (Reynolds number,Re = 2.84× 105) have been simulated using a strip theory Computational F
Dynamics model. The pipe’s mass ratio (the ratio of the pipe’s mass to the mass of fluid displaced by it) was varied bet.0
and 3.0 in order to study its effect upon the vibrational behaviour of the pipe. Despite the inflow current being uniform t
was observed to vibrate multi-modally. Furthermore, all of the excited modes vibrated at the excitation (Strouhal) fre
The fluid, via its added mass, was found to be able to excite modes whose natural frequencies differed from the e
frequency. This ability was observed to decrease with increasing mass ratio.
 2003 Elsevier SAS. All rights reserved.

Keywords: Riser pipes; Vortex-Induced Vibration; Computational Fluid Dynamics; Multi-modal vibration; Added mass

1. Introduction

For all but the lowest Reynolds numbers the flow past a circular cylinder results in the asymmetric shedding of
into the cylinder’s wake. The vortices induce periodic forces on the cylinder. These forces can cause an elastically s
cylinder to vibrate. Such a vibration is termed a Vortex-Induced Vibration (VIV).

The amplitude of vibration is dependent upon the level of structural damping, the mass ratio (the ratio of the body
to the mass of fluid displaced by it) and the proximity of the frequency of the fluid forces to the body’s natural freque
vibration. The fluid forces in both the cross-stream (transverse) direction, the lift, and the streamwise (in-line) direc
drag, can induce VIV in their respective directions. Transverse VIV is usually of larger amplitude than in-line VIV,
oscillatory component of the lift force is normally greater than that of the drag force. Transverse VIV can exceed one d
in amplitude.

Long elastic cylinders, such as marine riser pipes, may exhibit VIV when exposed to current flows. The fluid excit
a flexible pipe results in modal vibrations. Riser pipes are often exposed to high Reynolds number currents,Re > 105 (where
Re = UD/ν is the Reynolds number andU, D andν are the free stream flow speed, the diameter of the pipe and the kine
viscosity of the fluid respectively), and are being deployed in increasingly deeper waters (>2000 m depth), resulting in hig
mode number vibrations (>20th mode). Such vibrations can be of serious consequence as they provide a potent s
fatigue and can, together with wake interactions, cause pipe clashing in multiple pipe assemblies.

Due in part to its potentially destructive consequences VIV has received considerable research attention. The
referred to the review papers by Sarpkaya [1], Bearman [2] and Parkinson [3], and also to the recent papers by Kh
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Williamson [4] and Govardhan and Williamson [5], which are concerned with the VIV of low mass ratio cylinders, for a
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Conventional wisdom suggests that a pipe can only be excited into multi-modal VIV if the excitation frequency (the

shedding frequency) varies along the pipe’s length. For a straight, constant diameter pipe this implies that a sheared on
profile is required to enable multiple modes to become simultaneously excited. This claim is the subject of investigatio
paper.

The paper presents the results of a series of (strip theory) Computational Fluid Dynamics (CFD) simulations of the tr
VIV of a riser pipe that was subjected to a uniform current profile. The riser pipe was of realistic geometry, length to d
ratio L/D = 1544, and the current of realistic Reynolds number,Re = 2.84× 105. The mass ratio,m∗, was varied within
realistic bounds, 1.0 � m∗ � 3.0, in order to study its effect upon the VIV behaviour of the pipe.

2. Numerical method

A coupled fluid and structural dynamics model, VIVIC, is used to simulate the response of the riser in the time dom
numerical method is briefly summarised here; see Willden and Graham [6] or Willden [7] for further details.

2.1. Computational Fluid Dynamics

A CFD model, which is based upon strip theory, is used to simulate the fluid dynamics. Strip theory entails compu
fluid flow in multiple two-dimensional planes that are positioned at intervals along the length of a body. A suitable choice
number of simulation planes can be made by considering the highest mode of vibration that is likely to be excited. Th
expected mode of vibration can be approximately determined as the mode whose natural frequency of vibration leas
the maximum Strouhal frequency in the onset current profile. Given the highest expected mode number one needs t
how the flow might vary across each half wave-length of pipe vibration. The three-dimensional flexible pipe simula
Newman and Karniadakis [8] showed that towards the nodes of a transversely vibrating pipe the fluid acts to excite t
vibration, whereas towards the anti-nodes the fluid provides hydrodynamic damping. Hence, a minimum of three si
planes are required per half wave-length of pipe vibration in order to correctly capture the axial variation of the pha
the fluid forces with respect to the pipe’s motion. 64 simulation planes, positioned equidistantly along the pipe’s axis,
in the present computations, as this provides a minimum of three simulation planes per half-wavelength for modes u
including those of natural frequency equal to twice the Strouhal frequency of the onset current profile. The topology of
model is depicted in Fig. 1.

The model assumes that the flow is locally two-dimensional. Although the flow past a stationary circular cylinder d
three-dimensional vortical structures forRe > 180 (see Williamson [9]), an effect of lock-in (the synchronisation of the vo
shedding and oscillatory frequencies) is to correlate the vortex shedding along substantial lengths of the pipe (see Toe
rendering the local fluid flow predominantly two-dimensional.

The velocity-vorticity formulation of the two-dimensional incompressible Navier–Stokes equations is solved i
simulation plane using a hybrid Eulerian–Lagrangian Vortex-in-Cell method. A time split approach is followed where
diffusion of vorticity is treated in an Eulerian fashion by modelling the flow variables using linear Finite Elements
unstructured mesh. The convection of vorticity is handled using a Lagrangian approach that employs discrete point vor
two-dimensional solver originated as a Vortex-in-Cell method (Graham [11]) that employed finite difference approxim
and fast Fourier transforms on a structured grid.

A Large Eddy Simulation (LES) model is used to model the effects of turbulent length scales at high Reynolds n
The LES model uses a simple volume average box filter to separate the resolvable and sub-grid flow scales. The res
grid scale stresses are approximated using a gradient diffusion model proposed by Smagorinsky [12]. Fig. 2 present
numbers,St, and root mean square lift coefficients,CLrms, computed using the LES model for a rigid cylinder over a subcrit
Reynolds number range. For comparative purposes experimental data from Norberg [13] is also presented in this fi
agreement in bothSt andCLrms is good over the Reynolds number range 2× 104 to 2× 105, which encompasses the range
practical interest.

The motion of the body is accounted for in each simulation plane by making use of the kinematic equivalence
accelerating (body fixed) and inertial (absolute) frames of reference. This equivalence allows the motion of the body
the fluid to be simulated in the local body fixed frame of reference with a time dependent incident velocity that is equ
local relative velocity of the current to the body in the inertial frame.
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Fig. 1. A vortex particle image of the wake behind a transversely vibrating vertical riser (not to scale). For clarity not all of the CFD sim
planes are shown in the figure. The shade of the particles indicates the sign of the vorticity; lighter shades represent positive vorti
darker shades represent negative vorticity.

Fig. 2. Simulated, using Large Eddy Simulation (LES) and experimental, from Norberg [13], Strouhal number,St, and root mean square li
coefficient,CLrms, variation with Reynolds number,Re, for a stationary circular cylinder.
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2.2. Structural dynamics
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A linear Finite Element implementation of the Bernoulli–Euler bending beam equations is used to model the resp
the structure to the fluid loading. The structure is discretised into elements across which cubic interpolation functions
to represent the pipe’s transverse response. The pipe’s axial stress varies spatially due to the effects of the pipe’s w
buoyancy force. However, the axial stress distribution is not permitted to vary in time due to bending motions. The s
model is therefore referred to as linear. Structural damping is modelled using a proportional damping model.

In the forthcoming discussion of the simulation results references are made to the structure’s natural modes of v
These modes and their associated natural frequencies are determined by solving the structure’s eigen-problem in
Hence, no fluid added mass is included with the structural mass and the natural frequencies and mode shapes are t
riser in a vacuum.

In the present simulations the structural damping was set to 0.3% of critical for all modes of vibration. Additionally, th
riser’s top and bottom attachments were modelled as pin jointed and a top tension equal to twice the weight of water
by the pipe was applied.

2.3. Fluid–structure interaction

Each time step commences by mapping the transverse hydrodynamic force at the start of the step to the nodes of the
model. This is accomplished by using cubic spline interpolations with reflective boundary conditions at the free surface
seabed. The structural model uses this loading to explicitly compute the pipe’s motion. Each simulation plane accoun
pipe’s motion in an accelerating reference frame by appropriately perturbing the plane’s incident flow at the end of the s
CFD model is advanced in time using a semi-implicit integration scheme, yielding the fluid loading at the end of the s
simulation proceeds by repeating the above steps. Note that three-dimensional coupling is solely provided through
motion.

The combined fluid-structure interaction model has been validated, see Willden and Graham [14] or Willden [7],
experimental data from model Steel Catenary Riser (SCR) towing tests, conducted at MARINTEK [15]. The simulat
displacements in both the in-plane and out-of-plane directions were found to be in very good agreement with those de
experimentally. Note that in addition to the computational method described above the VIV simulation of an SCR requ
prior determination of the deformation of the pipe due to its weight, buoyancy force and the mean drag force acting on
a deformed configuration can only be computed using a non-linear structural dynamics model.

3. Simulation results

Six mass ratios have been simulated:m∗ = 1.0, 1.25, 1.5, 2.0, 2.5 and 3.0. The pipe’s mass ratio was not altered
changing the geometric or structural properties of the pipe, but by changing the density of the pipe’s internal fluid. Th
was constructed so that when the pipe was emptym∗ = 1.0 and whenm∗ = 3.0 the axial tension at the pipe’s bottom end w
zero. Changing the pipe’s mass ratio has the effect of changing its natural frequencies and mode shapes. Asm∗ is increased the
natural frequency,f k

n wherek is the mode number, of a specific mode is reduced. Furthermore asm∗ is increased the natura
frequencies become more closely spaced.

The axial variation of the pipe’s root mean square vibration amplitude,yrms, is presented in Fig. 3 for them∗ = 1.5 and 2.5
cases. The axial coordinate,z, measures the distance along the pipe from its bottom end. The pipe’s top and bottom e
located atz/L = 1 andz/L = 0 respectively. The free surface is coincident with the pipe’s top end, i.e.,z/L = 1.

Clearly the responses of them∗ = 1.5 andm∗ = 2.5 pipes are multi-modal (as are the responses of the remaining case
are not shown). Note that if a pipe responds in a single mode of vibration then the root mean square displacement at th
that mode would be zero. The response of them∗ = 1.5 pipe is dominated by a response in the 5th mode but there is evid
response in other modes. Them∗ = 2.5 pipe exhibits a similar multi-modal response with a predominant response in the
mode. As noted above increasingm∗ reduces the pipe’s natural frequencies such that given a specific excitation frequen
would expect the mode number of the predominantly excited mode to rise with increasingm∗.

It can be instructive to decompose each pipe’s total displacement into its modal contributions. The vector o
amplitudes,q(t), is related to the vector of nodal displacements and rotations,r(z, t), through:

q(t) = Φ−1(z)r(z, t), (1)

whereΦ = (φ1, φ2, . . . , φM) is the mass normalised matrix of eigenvectors andM is the number of unconstrained structu
degrees of freedom and hence eigenvectors.
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Fig. 3. Root mean square vibration amplitudes,yrms/D, as a function of the pipe’s axial coordinate normalised by its length,z/L, for m∗ = 1.5
and 2.5.

Time histories of the modal displacements for each mass ratio have been determined by solving Eq. (1) at ev
step. The root mean squares of the modal displacement histories,yk

rms, are shown in Fig. 4 as a function of each mod
natural frequency normalised upon the vortex shedding (Strouhal) frequency of the stationary cylinder at the same
number,fs (as determined by the current numerical method). For example, form∗ = 1.0, there is a mode (the 3rd), for whic
f k
n /fs ≈ 0.5, that vibrates with an rms amplitude of approximately 0.24D. As noted earlier changingm∗ changes the pipe’

natural frequencies and mode shapes. Consequently, making comparisons of the responses of different mass ratio pip
of the vibration of specific mode numbers is of limited value. Alternatively, as is done in this paper, the modal vibration
different mass ratio pipes can be compared in terms of modal natural frequencies.

It was found that instantaneously loading the pipe had the effect of exciting numerical transients in its respons
manifested themselves as responses in the lowest modes of vibration and could not be damped out within a
computation times. The transiently responding (unconverged) modes are plotted in Fig. 4 using open symbols, whil
symbols are used to identify converged modes. The numerical transients are most prolific for the higher mass ratio cas
still not believed to be of serious consequence as they occurred at frequencies far below the response frequencies of
excited modes. For clarity the unconverged modes are omitted from all of the subsequent figures of this paper.

Fig. 4 shows that all of the test cases responded multi-modally. Each simulated response is characterised by a
envelope that extends over several modes and is centred on a single predominant mode. As the mass ratio is re
predominantly excited mode occurs at a lower natural frequency, i.e., the peak modal response occurs at a lowerf k

n /fs as
m∗ is reduced. Furthermore the amplitude of the predominant mode decreases asm∗ is reduced. The width of the excitatio
envelope increases as the mass ratio is decreased, i.e., asm∗ is reduced the fluid is able to excite modes covering a wider na
frequency range. The response is mainly confined to modes whose natural frequencies are below the fluid’s natural
(Strouhal) frequency, i.e.,f k

n /fs < 1.
For each mass ratio simulated, the oscillatory (response) frequency of each mode,f k

o , was determined by taking a Fa
Fourier Transform of its displacement history. Thekth mode’s oscillatory frequency was identified as the most energ
frequency in thekth mode’s displacement spectrum. The modal oscillatory frequencies are shown in Fig. 5 as a fun
the modal natural frequencies. Both sets of frequencies are normalised upon the Strouhal frequency,fs . Modes that vibrate a
their natural frequencies occupy the linefo = fn. In each case simulated the vortex shedding frequency,fv(z) (determined as
the most energetic frequency in the spectrum of the sectional lift coefficient), was found to be relatively constant with
to the axial coordinate and occur at or just below the Strouhal frequency, i.e.,fv(z) ≈ fs .

As can be seen from the figure, the excited modes, whose natural frequencies are below the excitation frequency (f k
n /fs < 1)

respond above their natural frequencies at a frequency approximately equal to the excitation frequency, i.e.,f k
o ≈ fs . These

modes are described as locked-in as their oscillatory frequencies are synchronised with the excitation frequency. Mod
natural frequencies are above the excitation frequency (f k

n /fs > 1) respond, if they are at all excited, at or just above th
natural frequencies, i.e.,f k

o ≈ f k
n . Note that there are two misleading data points in Fig. 5: atf k

n /fs ≈ 1.47 for m∗ = 2.0 and
at f k

n /fs ≈ 1.93 for m∗ = 1.0. The responses of these two modes are insignificant and are comprised of many low am
oscillatory frequencies including the excitation frequency.

Form∗ � 2.0 Fig. 5 shows that all modes whose natural frequencies are below the excitation frequency are locked-
latter frequency. Form∗ > 2.0, the response envelope does not extend to low enough frequencies to lock-in the lowest m
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ency,
Fig. 4. Modal root mean square vibration amplitudes,yk
rms/D, as a function of modal natural frequencies normalised by the Strouhal frequ

f k
n /fs , for m∗ = 1.0, 1.25, 1.5, 2.0, 2.5 and 3.0. Closed and open symbols signify converged and unconverged modes respectively.

Fig. 5. Modal oscillatory frequencies,f k
o /fs , as a function of modal natural frequencies,f k

n /fs , for m∗ = 1.0, 1.25, 1.5, 2.0, 2.5 and 3.0. Both
oscillatory and natural frequencies are presented as a fraction of the Strouhal frequency,fs .
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at fn /fs ≈ 0.45 for m = 3.0. The width of the lock-in step, or equivalently the response envelope, decreases with inc
mass ratio. One might expect that at higher mass ratios, where the structure is dominant over the fluid in controlling the
frequency, no such lock-in step would exist and the response would be confined to a single mode of vibration.

The ability of a single degree of freedom low mass ratio cylinder to oscillate away from its natural frequency ha
previously observed and explained through changes to the added mass, see, for example, Willden and Graham
departure of the modal oscillatory frequencies from their natural frequencies can be explained in an analogous ma
modal equation of motion can be written as:

Iq̈ + Cq̇ + Λq = Φt R, (2)

where q̇ and q̈ are the vectors of modal velocities and accelerations.I is the identity matrix,Λ is the diagonal matrix o
eigenvalues,C is the modal damping matrix andR is the nodal fluid loading vector.Φ tR is referred to as the generalised lo
vector. The generalised loading of thekth mode can be approximated by:

φk · R ≈ −Ck
a q̈k − Ck

v q̇k, (3)

whereCk
a q̈k andCk

v q̇k are the components of thekth mode’s generalised fluid loading that are in phase with thekth mode’s
acceleration and velocity respectively.Ck

a andCk
v are time independent constants. If the system has reached a steady osc

state then the structural damping of thekth mode must be balanced by theCk
v q̇k term.Ck

a is defined as thekth mode’s added
mass coefficient.

The significance of the modal added mass coefficient is that whenCk
a is positive thekth mode must vibrate below its natur

frequency, i.e.,Ck
a > 0 ⇒ f k

o < f k
n , and whenCk

a is negative thekth mode must vibrate above its natural frequency,
Ck

a < 0 ⇒ f k
o > f k

n . Note thatCk
a = 1.0 implies that the added mass associated with thekth mode is equal to the generalis

mass of thekth mode. In order that the effective mass of each mode of the combined fluid and structure system
positiveCk

a > −1.0.
Ck

a andCk
v must be determined such that the right-hand side of Eq. (3) approximatesφk · R as well as possible over som

predefined analysis time interval. A residual,εk , can be defined to quantify the departure of thekth mode’s fluid loading from
its approximate representation.

εk = φk · R + Ck
a q̈k + Ck

v q̇k. (4)

The integral over the analysis interval of the residual squared measures the approximation’s total deviation over the tim
of interest. This quantity can be minimised with respect to changes inCk

a andCk
v by satisfying:

∂

∂Ck
a

t2∫
t1

(
εk

)2 dt = 0,
∂

∂Ck
v

t2∫
t1

(
εk

)2 dt = 0, (5)

where t1 and t2 are the limits of the analysis interval. Substituting the definition of the residual into these minimi
statements and differentiating yields a set of simultaneous equations that, given records of the modal velocities and acc
and of the fluid loading, can be solved forCk

a andCk
v .

The above procedure has been used to determine a modal added mass coefficient for each mode of vibration.
plotted againstf k

n /fs in Fig. 6. In this figure the curvefo = fs shows the added mass coefficient,Cs
a , that would be required

to force a mode, of natural frequencyfn, to oscillate at the Strouhal frequency. It can be shown that the added mass coe
required to produce such a behaviour is given by:

Cs
a =

(
fn

fs

)2
− 1. (6)

Fig. 6 shows that the excited modes that occupy the lock-in step (f k
n /fs < 1) have negative added mass coefficients. T

enables them to respond above their natural frequencies, i.e.,f k
o > f k

n . Furthermore, each excited mode has an added m
coefficient approximately equal to that required to force oscillation at the Strouhal frequency and hencef k

o ≈ fs for all modes
exhibiting a significant response. The behaviour of the added mass coefficient across the lock-in step is similar for all ma
For f k

n /fs > 1 the added mass coefficient rarely becomes positive and where it does the associated mode has an in
amplitude of vibration.

Another useful way to examine the ability of the fluid to excite mode’s whose natural frequencies are not equa
excitation frequency, and to examine the variation of this ability with mass ratio, is to plot the modal response am
as a function of the reduced velocity,Vr , as in Fig. 7. Each mode’s reduced velocity is based on that mode’s in v
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Fig. 6. Modal added mass coefficients,Ck
a , as a function of modal natural frequencies normalised by the Strouhal frequency,f k

n /fs , for
m∗ = 1.0, 1.25, 1.5, 2.0, 2.5 and 3.0.

natural frequency,V k
r = U/f k

n D. Hence, low reduced velocities correspond to high mode numbers and high reduced ve
correspond to low mode numbers. Note that the excitation frequency occurs atVr ≈ 1/St ≈ 5.0.

Fig. 7 shows that for the highest mass ratio case,m∗ = 3.0, the response is centred onVr ≈ 5.6 and is confined to a
relatively narrow reduced velocity range: 4.0 < Vr < 9.0. As the mass ratio is reduced the response envelope widen
the maximum rms response amplitude decreases. Form∗ < 2.0 the reduced velocity at which the peak response occu
significantly greater thanVr ≈ 1/St, i.e., the predominantly excited mode has a natural frequency that is significantl
than the excitation frequency. At the lowest mass ratio simulated,m∗ = 1.0, the response envelope extends pastVr = 30.0
and encompasses all modes whose natural frequencies are below the excitation frequency. Note that all mass ratios
amplitude responses for 1.0 < Vr < 2.0. These high mode responses occur at frequencies between three and four tim
excitation frequency and are believed to be excited by components of the fluid force that are observed in the lift co
spectra at approximately three to four times the frequency of the vortex shedding.

From Fig. 7 it can be observed that the vibrational behaviour of flexible pipes has much in common with the vib
behaviour of elastically mounted circular cylinders. For comparative purposes numerically simulated (at lower R
numbers) transverse rms response amplitudes,yrms, of elastically supported circular cylinders ofm∗ = 1.0, 2.0, 5.0 and 10.0
are plotted in Fig. 8 against reduced velocity,Vr = U/fnD (wherefn is the in vacuo natural frequency of vibration of t
cylinders). For these computations the two-dimensional CFD model described earlier (without the LES model) was
simulate the fluid dynamics whilst a mass, spring and damper model was used to represent the structural dynamics. In
cases simulated the structural damping was set to zero. The reduced velocity was varied by changing the flow speed
the Reynolds number varied linearly withVr from Re = 50 atVr = 2.5 to Re = 400 atVr = 20.0.

Similarities in the vibrational behaviours of the elastically supported and flexible cylinders can be deduced by co
Figs. 7 and 8. In both cases the response envelopes are quite narrow at the highest mass ratios simulated. Asm∗ is reduced the
response envelopes widen and occupy a greater reduced velocity range. Form∗ = 1.0 both the elastically supported cylind
and flexible pipe exhibit responses at very high reduced velocities. In both cases these highVr responses occur at frequenci
far in excess of the relevant structural in vacuo natural frequency. Note that in Fig. 8 the secondary responses that oc
m∗ = 5.0 and 10.0 elastically supported cylinders betweenVr ≈ 7.0 andVr ≈ 14.0 are modulated responses. These respo
occur at or near to the structure’s in vacuo natural frequency but are excited by vortex shedding at or close to the
frequency of the stationary cylinder.
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r

Fig. 7. Modal root mean square vibration amplitudes,yk
rms/D, as a function of modal reduced velocity,V k

r = U/f k
n D, for m∗ = 1.0, 1.25, 1.5,

2.0, 2.5 and 3.0.

Fig. 8. Root mean square vibration amplitudes,yrms/D, as a function of reduced velocity,Vr = U/fnD, for elastically supported circula
cylinders free to vibrate in the transverse direction;m∗ = 1.0, 2.0, 5.0 and 10.0.
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4. Conclusions
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It has been shown for mass ratios less than 3.0, that a long flexible pipe, which is subject to a uniform current profile, vibr
multi-modally. Furthermore, the excited modes all respond at the same frequency, being the excitation (Strouhal) fr
The fluid, via its added mass, is able to force each structural mode to respond at a frequency far from its natural freq
these low mass ratios the fluid is dominant over the structure in controlling the response frequency.

The fluid is more able to excite modes that have natural frequencies less than the excitation frequency than those
natural frequencies exceeding the excitation frequency. The response envelope over which the fluid is able to exc
whose natural frequencies differ from the excitation frequency decreases with increasing mass ratio. The depende
width of the response envelope on the mass ratio is similar to the dependency observed for the transverse vibrations of
supported circular cylinders.
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